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tan

(x,y)

The Normal Line

Recall:  Tangent to a Curve at a Point

- a line perpendicular to the tangent at a point on f(x)

Ex)  Write the equations of the tangent and normal lines to
        f(x) = x2 at x = 1.
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Ex)  Write the equations of the tangent and normal lines to
        f(x) = 3x3 at x = -1.

Horizontal Tangents

Horizontal Tangents exist at 
A, B, and C.....

when,     f '(x) = 0
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Ex)  Find all values of x where horizontal tangents exist
       for ; 

Ex)  Find all values of x where horizontal tangents exist
       for ; 
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Vertical Tangents

A Vertical Tangents exists at A

 f '(x) is UNDEFINED

BUT a point EXISTS!

Ex)  Find all values of x where Vertical tangents exist
       for ; 

* Slope is Undefined
* Set denominator = 0

A
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Ex)  Find all values of x where Vertical tangents exist
       for ; 

Misc. Line Questions

Ex 1)  Find all the points on the curve                     where the 

          tangent line is parallel to the line                       . 
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Ex 2)  Find the equation of the line that is tangent to the curve

          y = 3cos2x  at  x = 

Ex 3)  Find the equations of the tangent and normal lines to  
          the curve y = xsinx  at   
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Ex 4)  Find the value of k if   y = 2x + k   is tangent to the graph
          of   y = x2 + 4x + 3 .
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Implicit Differentiation
- used when we cannot explicitly solve for y!

To do:  1)  Differentiate each term

   2)  "Add"          to terms with y

  3)  Solve for 

Ex)  x2 + y2 = 25
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Implicit Diff. with Trig Functions
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Imp. Diff. w/ Tangent-Normal Lines

Ex)  Find the tangent and normal lines to the curve  x2 + y3 = -7 , at x = 1.

Ex)  Find the tangent and normal lines to the curve  xy - x + y = 2 , at x = 0.
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Higher Order Implicit Differentiation
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General Rates of Change
* If f is a function of x, the rate of change of f with 
respect to x is f'(x).

Things Change!   - Reservoirs empty
  - Population changes

- Economy fluctuates
- Athletic performance......etc.....

Average Rate of Change:

Instantaneous Rate of Change:
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Ex 1)  The total discharge of a water faucet t minutes after opening
           is w(t) = 3t2 - 5t + 4 gallons.  At what rate is the water leaving
           the faucet after 2 minutes, aka, when t = 2?    

Ex 2)  A brushfire spreads so that after t hours, 80t - 20t2 acres are
          burning.  What is the rate of growth of the acreage that is
          burning after 90 minutes?    
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Ex 3) The amount of oil in a tank t minutes after it has started to
         drain is given by d(t) = 100(t - 15)2 gallons.

a)  At what rate is the oil draining out at the end of 5 minutes?

b)  What is the average rate at which the oil flows out during
          the first 5 minutes? 
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Position, Velocity and Acceleration
s = f(t)         s  = distance or position            t = time

Velocity is "how fast the position of an object is changing"

Ex)  A Sprinter runs 100 meters in 10 seconds.

 His average velocity would be 10 m/sec.

Velocity at any given time
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Acceleration is "how fast the velocity of an object is 
changing" - Pick Up or Lose speed!

(t0, s0)

(t1, s1)
s = f(t)

t0 t1

t1 - t0

s1 - s0

time

Why use the Derivative?

po
sit

ion

Position vs. Time

Ave. Velocity = msec

Inst. Velocity = mtan
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t
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s(t)

Ex)  s(t) = 16t2     t = 0 to t = 4

v(t) = 32t a(t) = 32

vave = change distance
    change time

t Position v(t)  v ave a(t) 

0 s(0) = 0 v(0) = 0  - 32 

1 s(1) = 16  v(1) = 32  16/1=16 32 

2 s(2) = 64  v(2)=64 64/2=32 32 

3 s(3) =144  v(3)=96 144/3=48 32 

4 s(4) = 256  v(4)=128 256/4=64 32 
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Ex)  A girl throws a softball into the air that is represented by 
       s(t) = 64t - 16t2 + 5.5.  

a)  Sketch the position function.

b.)  What is the velocity at t = 1 ?  t = 3 ?

c)  What is the acceleration at t = 2 ?

d)  At what time did the ball hit the ground ?

e)  What was the ball's initial velocity ?

f)  How high did the ball get ?

g)  What was the Average velocity from t = 0 to t = 3 ?
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Rectilinear Motion - objects moving along a straight line

s(t) = position speed = |v(t)|
v(t) = s'(t) = velocity
a(t) = v'(t)  = acceleration

Properties of Linear Motion

* If v = 0 object is at rest
  If v > 0 object moving right
  If v < 0 object moving left

*If a > 0 velocity is increasing
   a < 0 velocity is decreasing

*If [v < 0 and  a < 0] or [v > 0 and  a > 0]           Speed Increasing!

If [v < 0 and  a > 0] or [v > 0 and  a < 0]           Speed Decreasing!
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Ex 1)  A particle is moving along a straight line according to the rule
          s(t) = 2t3 - 9t2 + 12t - 4  when t ≥ 0.

a) Find all the times when the particle is moving right.
        (Need v > 0)   (Get critical points)

b) Find all the times when the velocity is increasing.
        (Need a > 0)   (Get critical points)

c) Find all the times when the speed is increasing.
        (Need v and a with same sign)   

d) Find the speed of the object at t = 4.
        speed = |v(t)| 

e)  Find the total distance traveled for t = 0 to t = 4.

Let's graph it!
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Ex 2)  A particle is moving along a horizontal line such that its 
          position at any time t ≥ 0 is given by s(t) = t3 - 6t2 + 9t +1,   
          when s is measured in meters and seconds.

a) Find all the times when the particle is at rest.
        

b) Find all the times when the particle changes direction.

c) Find all the times when particle is slowing down. 

d) Find the total distance traveled in the first 2 seconds.

e)  Find the velocity when the acceleration is zero.

Let's graph it!
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* Graph Analysis
The graph below shows the squirrel population in Arcade, NY.  The population increases as the 
squirrels reproduce, but then decreases sharply as predators move into the area.

a)  What is the average growth rate from Day 10 to Day 50?  What does this number mean ?

b)  During what approximate time period, beginning at Day 0, is the Instantaneous growth rate
     of the squirrel population positive ?

c)  During what approximate time period, is the average growth rate of the squirrel population 0 ?

d)  Approximate the instantaneous rate of change of the squirrel population on Day 30 and Day 100.
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Ex)  Given the following data for a function f;

a)  Find the average rate of change of f from x = 4 to x = 6.

b)  Estimate the instantaneous rate of change of f at x = 4.

c)  Find, approximately, an equation of the tangent at x = 4.

d)  Use the tangent line in (c) to estimate f(4.5).
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